UNIVERSAL BOUNDS FOR EIGENVALUES 
OF A BUCKLING PROBLEM II 



QING-MING CHENG* AND HONGCANG YANG** 



Abstract. In this paper, we investigate universal estimates for eigenvalues of a 
buckling problem. For a bounded domain in a Euclidean space, we solve partially 
a conjecture proposed in [7]. For a domain in the unit sphere, we give an important 
improvement on the results of Wang and Xia [16] . 



1. Introduction 



Let M be an n- dimensional complete Riemannian manifold and Vt <Z M a. bounded 
domain in M with piecewise smooth boundary dVt. A Dirichlet eigenvalue problem 
of Laplacian is given by 



which is also called a fixed membrane problem, where A denotes the Laplacian on 
M. The spectrum of this eigenvalue problem is real and discrete: 

The following eigenvalue problem of a biharmonic operator is called a buckling 
problem: 



which describes the critical buckling load of a clamped plate subjected to a uniform 
compressive force around its boundary, where v is the outward unit normal vector 
field of the boundary dVL. It is known that the spectrum of the buckling problem is 
also real and discrete. 
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When f2 C R"^ be a bounded domain in an n-dimensional Euclidean space R", 
Payne, Polya and Weinberger [13] and [12] proved the following inequality for eigen- 
values of the eigenvalue problem (1.1): for A; = 1, 2, • • • , 

4 ^ 

(1-3) \k+i — ^ Aj. 

i=l 

One calls it a universal inequality since it does not depend on the domain Q. 

On the other hand, Payne, Polya and Weinberger |T4] and [T5] also studied eigen- 
values of the buckling problem for a bounded domain Q in R" and intended to derive 
a universal inequality for eigenvalues of the buckling problem. But it is very hard 
to deal with this problem. They only proved, for n = 2, 

As < 3Ai. 

As an open problem, Payne, Polya and Weinberger [13] and [I5] proposed the fol- 
lowing: 

Problem. Whether can one obtain a universal inequality for eigenvalues of the 
buckling problem (1.2) on a bounded domain in a Euclidean space, which is similar 
to the universal inequality (1.3) for the eigenvalues of the fixed membrane problem 
(1.1) ? 

Although many mathematicians have intended to attack this problem, there are no 
any progresses except for lower order eigenvalues. For lower order eigenvalues, Hile 
and Yeh [13] and so on improved the result of Payne, Polya and Weinberger to 

^2 + 8n + 20 . 
A2 < , Ai. 
(n + 2)^ 

Furthermore, Ashbaugh [2] (cf. [1]) has obtained 

n 

^A,+i < (n + 4)Ai 

i=l 

and he has commented that to obtain a universal inequality for eigenvalues of the 
buckling problem remains a challenge for mathematicians since 1955. 

Recently, by introducing a new method to construct trial functions for the buckling 
problem, Cheng and Yang [7] have obtained the following universal inequality for 
eigenvalues of the buckling problem (1.2): 

k k 

(1.4) X^(A,+i - Kf < 1^^^ ^(A,+i - A,)A,. 

1=1 i=l 

Thus, the problem proposed by Payne, Polya and Weinberger has been solved af- 
firmatively. Furthermore, it is very important to prove a sharp universal inequality 
for eigenvalues of the buckling problem. The following has been conjectured in [3|: 
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Conjecture. Eigenvalues of the buckling problem on a bounded domain in a Eu- 
clidean space R" satisfy the following universal inequality: 



4 ' 



J2i^k+i - A.)' < - 5Z(Afc+i - Ai)A 



n 

1=1 i=i 



The first purpose in this paper is to attack the above conjecture, we prove the 
following: 



Theorem 1.1. Let Aj be the i-th eigenvalue of the buckling problem (1.2) for a 
bounded domain fl C R". Then, we have 



(1.5) Y.^A,+^ - ^^)' ^ ^(^^^+1 - ^^)^- 

1=1 i=\ 

Remark 1.1. Since our universal inequality is a quadratic inequality of the eigen- 
value Afe+i, we can conclude an upper bound of A^+i and an upper bound of the 
gap between two consecutive eigenvalues as in [7] from (1.5). We will not give it in 
details. 

When M is an t?,- dimensional unit sphere S'"(l), Wang and Xia [IB] have studied 
the buckling problem for a domain Q in S"'{1). They have obtained a universal 
inequality for eigenvalues of the buckling problem, namely, they have proved that 
eigenvalues of the buckling problem (1.2) for a domain Q in the unit sphere S'"(l) 
satisfy 



2^(A,,+i-Ai 



1=1 



<E(A>..-A.)n».. ",-:v::2) i 

i=l 

+ ^E(A.+i-A.)(A. + ^^^), 

i=l 



where 5 is an arbitrary positive constant. 

The second purpose in this paper is to give an important improvement for the 
result of Wang and Xia. 
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Theorem 1.2. Eigenvalues Ai's of the buckling problem (1.2) for a domain fl in 
the unit sphere S"{1) satisfy 

(1.7) <^(A,,._A.)={A,_^_1^},, 

i=l l \ J 

5i ^ 4 ^ 

i=l 

for an arbitrary positive non-increasing monotone sequence {6i}f^i. 

Remark 1.2. It is obvious that our result is sharper than one of Wang and Xia 
[16] even if we take 6i = 6 for any i. Since our universal inequality is a quadratic 
inequality of A^+i, we can obtain an explicit upper bound for the eigenvalue A^+i 
from (1.7). 

In particular, when n = 2, we have 

Corollary 1.1. Eigenvalues A^'s of the buckling problem (1.2) for a domain Q in 
the unit sphere 5*^(1) satisfy 

k k 

(1.8) - ^^)' ^ E^^'^+i - ^«)^'- 

i=l i=l 

Proof. Since n = 2, from the theorem 1.2 and taking 6i = — , for i = 1,2, ■ ■ ■ ,k, for 

which {6i}f^i is a positive non-increasing monotone sequence, we finish the proof of 
the corollary 1.1. □ 

Remark 1.3. About the recent developments in universal inequalities for eigenvalues 
of the Dirichlet eigenvalue problem of the Laplacian and the clamped plate problem, 
readers can see [3], ^, [5], [6], [8], [TT], [E] and [H]. 



2. Proof of the theorem 1.1 

For the convenience of readers, we review the method for constructing trial func- 
tions introduced by Cheng and Yang [7]. In this section, Q is assumed to be a 
bounded domain in R". For functions / and h, we define Dirichlet inner product 
(/, h)D of / and h by 

{f,h)n= [ {Vf,Vh). 
Dirichlet norm of a function / is defined by 

II/IId = {(/,/)d}^/^ = ( / Eiv„/r 
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Let Ui be the i-th ortlionormal eigenfunction of the buckhng problem (1.2) corre- 
sponding to the eigenvalue Aj, namely, Ui satisfies 

A'^Ui = —AiAui m n, 
(2-1) { «ilan=tfLo = 

Ui,Uj)D = J^{VUi,VUj) = Sij. 

Hl{Vt) defined by 

Him = {f-f, V«/, V«V^/ e L\n), a,f5=l,...,n} 
is a Hilbert space with norm || • II2: 

1/2 



Let H2j){fl) be a subspace of i/|(f2)defined as 



HId^ = |/ e Him ■■ f\dM= I;/ 



= 

dCl 



The biharmonic operator defines a self-adjoint operator acting on if|^(f2) with 
discrete eigenvalues {0<Ai<A2<---<Afe<---} for the buckling problem (1.2) 
and the eigenfunctions defined in (2.1) 

{uijZi = {ui,U2,--- ,Uk,---} 
form a complete orthogonal basis for Hilbert space Hijj{Q). We define an inner 
product (f , h) for vector-valued functions f = {P,P,''' , f"') G R-** and h = 
(/l^/i^••• ,h'') e R*" by 



(f,h)^ / (f,h)= / f^r/i". 

Jn Jn 



The norm of f is defined by 

1/2 



Denote a Hilbert space {fl) of the vector- valued functions as 

Him = {f ■■ r , ^pF e L^n), for a,P^l,...,n} 
with norm || • ||i: 

1/2 

|f|ii-( w+ / Ei^«/"'' 

Let H^£)(f2) C H^(r2) be a subspace of H^(r2) spanned by the vector- valued func- 
tions {Vui}°Zi, which form a complete orthonormal basis of £,((]). 

It is easy to see that for any / e ff|^^(Q), V/ G ^,(Q) and for any h e H^^^(Q), 
there exists a function / e Hi^m ^^^h that h = V/. 
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Let for p = 1,2, - ■ ■ ,n he the p-th coordinate function of R". For the vector- 
valued function x^Vmj, i — 1, . . . ,k, we decompose it into 

(2.2) xP\/ui = \/hpi + Wpi, 

where hpi G H2jy{fl) and Vhpi is the projection of x^Vui onto H^^(f2) and Wpi _L 
Hl^{VL). Thus,' 



(2.3) (Wp,, Vu)= y] wl^ju = 0, for any u e Hlj,(n). 

Therefore, since HI]j{Vl) is dense in L^(Q) and C^(Q) is dense in -L^(f2), we have, 
for any function h e C^(0) n ^^(O), 

(2.4) (Wp,,V/i) = 0. 
Hence, from the definition of Wpj and (2.4), we have 



(2.5) 



^pi\dn = 0, 

II divwpill^ = 0, ( divwpi = Y.]=i ^ j^i) 
We define function ippi by 

k 

(2.6) ippi ^hpi-^ bpijUj, 

where 



= J xP{Vui,' 

It is easy to check, from the definition (2.2) of hpi, that ippi satisfies 

dip 

(2.7) ^pilan = ^ ^ ('^f^' ^^'^^ ^ (^'/'pi' '^%) = 0' 

for any j = 1, 2, ■ ■ ■ ,k. Hence, we know that ippi is a trial function. 
In order to prove our theorem 1.1, we prepare three lemmas. 

Lemma 2.1. For any p and i, we have 

(2.8) l + 2||(Vx^V^^,)|p = 2 j x^u,{VxP,V{Aui)). 
Proof. From the Stokes' formula, we have 

{xPuiVxP,V{Aui)) 

= -/div(A.Vx^)A«. 

= - y UiAui - J x^AuiiVxP, Vui), 
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= -||(Vx^ViXi)||' + j divix^V {VxP,Vui))ui 
^-\\{VxP,Vui)\\^ + j{VxP,V{VxP,Vui))ui + J xPuA{^xP,Vui) 
= -||(Va;^Vw^)||2-y"(Vx^V«,)' + J x^Ui{VxP,V{Aui)). 
Since ||Vwi|p = 1, we have 

l + 2||(Vx^Viii)|p = 2 J x^u,{VxP,V{Aui)). 

According to x^Vui = Vhpi + w^j and V(x^ttj) G H'ljj{Q), we have 

(2.9) UiVx^ = V{x^Ui) - Vhpi - Wpi = Vqpi - Wpi 
with Vqpi = V(x^Mj) — V/ipj and G Hence, we derive 

(2.10) l|Vgpi||' + ||wpi||^ 
Lemma 2.2. For any p and i, 

(2.11) 3||(Vx^ Vti,)||' - 2Ai\\Vqpi\\' = ^ - ^Ai||«i||'. 
Proof. Since, from the Stokes' formula, 

j xPui{VxP,V{Au,)) 

= J A{xPui){Vx^,Vui) 

^- j {uiVx^,V{A{xPui))) 



{Vqpi,V{A{xPui))) (from (2.4) and (2.9)) 
= J qp^A\x^u,) 

= j qpi{A{VxP,V{Aui))-KixPAui) 
= -4 J Aui{Vqpi,VxP) -Ai J qpiX^Aui 



□ 



and 
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^Ki j {Vqpi,xPVui) -Ai J {Vqpi,UiVxP) 
^AiJ {Wqpi,xPWui) - Ai\\Wqpi\\\ 

-A J Aui{Vqpi,VxP) 

= -4 J {W{Aqp,),UiWxP) 

^aJ Aqpi{VxP,Vui) 

= -4 y"(Vgp„V(Vxf,V«,)) 

--^J {uiVxP,V{VxP,Vui)) 



|2 

pill • 



= 4||(Vx^',Vu 

we obtain 
(2.12) 

y x^'«,(Vx^V(AM,)) =4||(Vx^Vm,)||' + A, ^ (Vg^,, x^Vii,) - A,||Vg, 
Prom the lemma 2.1 and the above equality, we have 
(2.13) 6||(Vx^ V«i)||2 - 2A,\\]qp,f - 1 = -2Ai ^ (V^p^, x^'Vm,). 
Furthermore, from (2.4), x^Vwj = V/ipj + Wpj and Vg^j = V(x^Mj) — V/ipj, we have 

= y (VQpi, v(xPMi) - vgpi) 
= y(VQp^,v(x^'M,))-iiv?p,ii' 

= y (liiVx^ V(a;^'iii)) - llVgpill' 
= \\u,f + y («,Vx^x^V«,) - llVgp 



(2.14) 



|2 

ipi 1 1 • 
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Since 



we obtain 



J{uiVxP,xPVui)^-^\\ui\\''. 
According to (2.13) and (2.14), we have 

3||(Va;^ Vti,)||' - 2K\\Wqpif = ^ - ^Ai||«i||'. 
It finishes the proof of the lemma 2.2. □ 
Lemma 2.3. For any i, 

n 

(2.15) A,5^||wp,||2>(n-1) 

p=i 

holds. 

Proof. Since 

(2.16) V^ix^VaUi) - V^ix^VpUi) = Vpw^ - V^w^ 

where w^^ = x^V — ^ahpi denotes the a-th component of Wpj, we infer, from 
div(wpi) = 0, 

n 



(2.17) 



a,/3=l 
1 

a,/3=l 
1 " 

1^ Yl l|V/3(^^V«U,) - Vaix^VpUi 



Furthermore, we have 



2 

a, 13=1 

^l-\\VpUif. 



Aw" 



A{x^VaUi - Vahpi) 
A{xPVaUi)-Va(dw{Vhpi) 



- Aix^VaUi) - V^\^div{xPVui] 

Thus, we obtain 

(2.18) Awpi = V(Vx^, Vui) - AuiVxP. 
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For any positive constant e^, we have 



|Vwpi| 



(2.19) =- j {wpi, V(Vx^ Vui) - Au^Vx^) 



Since, from (2.17), 



J2 II Vwp.f = n-l, Yl II V(VxP, Vm.)|| = A. 
p=i p=i 

by taking sum on p from 1 to n for (2.19), we have 

n 

e,; ,, ,,o n-1 



n-l)<^5^||wp,f + ^A,. 

p=i 



Putting 



we obtain 



{n - 1)A, 



A.l]l|wp^f > (n-1). 

p=i 

It completes the proof of the lemma 2.3. □ 



Proof of Theorem 1.1. Since (fpi is a trial function, from the Rayleigh-Ritz inequality, 
we have 

(2.20) Ak+i\\Vippif < j cppiA'^cppi = - j Vifpi ■ ViAip)pi. 

By making use of the same arguments as in Cheng and Yang [7], we have, for any 
p and i, 



'piy 



(2.21) (Afc+1 - Ai)|| Vv^pif < 1 + 3|| VpMif - Aidl^if - ||wpif ) + ^(A^ - A,-)6: 



(2.22) 1 + 2 V hpijCp^j = -2 [ {Vy^pi, V{VxP, Vui)), 



where 



Cpij 



j {V{VxP,Vui),Vuj) = -Cpji. 



.2 

_ pij 
3= ' 
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Hence, we have, for any positive constant 5i, 

k 

(Afe+i - Aj)^(l + 2 ^ ^pijCpij) 

Jn 

(k 
iiv(vx^v«,)ii'-^c: 

Prom (2.21) and \\ui\\^ — \\S/qpi\\^ + ||Wpi|p, we obtain 

k 

( ^ 

(2.23) < 5i(Afe+i - [ 1 + ^\^pUif - k,\^qpif + J](A, - A,-)6; 

V j=\ 

+ ^(A.+i-A,) (|||V(Vx^V^.,)|p-X;4,j . 
By taking sum on p from 1 to n, we derive 

n k 
p=l j=l 

(n n k 

n+3-Kj2 II vgpi II' + J2 - 
p=l p=l j=l 

+ j(A,+i-A,) (a.-X;J]cO . 

» \ p=i j=i / 

Prom the lemma 2.2, the lemma 2.3 and 

ll^ilP = W^QpiW^ + llwpilP, 

we infer 



'pij 



5 



2 > -. 



p=l 
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Thus, we obtain, for any i, 

n k 

^pij ^pij ) 

p=l j=l 

(. n k \ 

p=l ,7 = 1 ^ 
^ / n k 

+ -{Ak+i-Ai) Ui-J2J2' 



p=l .7 = 1 



By taking sum for i from 1 to /c and noticing that bpij is symmetric and Cpij is 
antisymmetric on we have 



n k 



n 



5^(Afc+i - A,)' - 2 J] J] (Afc+i - A^)(A^ - 

1=1 p=l ij=l 



'pijCpij 



i=l 



i=l 



n k 



(2.26) 



,2 

■pij 



p=l i,j=l i j=l 

n k 

p=i «j=i 

n k 

p=i « J=i 

Since, for a non-increasing monotone sequence 

n k n k 



p=i ij=i 



p=i jj=i 



^ n k 



p=i ij=i 



We conclude from (2.26) and the above formula, for a non-increasing monotone 
sequence {5i}i=i, 



n 



E(Afc+i - < (n + -) E Sii^k+i - + E r(^^+i - ^^)^^- 



i=l 



j=l 



i=l 



In particular, putting 



Eti(Afe+i-A,)A, 
^(^+|)Eli(A.+i-A,)^ 
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for any i, we obtain 

i=l 1=1 

This finishes the proof of the theorem 1.1. 

□ 

Remark 2.1. // one can prove, for any i, 

n 

Ai$^||Vgj„||2>3, 
p=i 

one will infer 

V(Afe+i - < - V(Afe+i - K)K 

which solves the conjecture. 

3. Proof of the theorem 1.2 

For the unit sphere 

r 1 

i=i ^ 

we denote the induced metric on 5'"(1) by the canonical metric (■, •) on R""*"^ also. 
For any p, we have 

(3.1) ViVjX^ = -gijx^, AxP = -nx^, 

where gij denotes components of the metric tensor of S'"(l). Let Ui be the i-th or- 
thonormal eigenfunction of the buckling problem (1.2) corresponding to the eigen- 
value Aj, namely, Ui satisfies 

{A^Ui — — AjAitj in Q, 

For constructing trial functions, we use the same notations as in the section 2. We 
would like to remark that vector- valued functions in this section have n-\-l compo- 
nents. Although the orders of differentiations of functions in the Euclidean space can 
be exchanged freely, we must do it very carefully for the covariant differentiations 
of functions in the case of the unit sphere. 

Since x^ ior p — 1, 2, • • • ,n-\-l is a coordinate function of R""*"^, for the vector- 
valued function x^Vwj, i — 1, . . . ,k, we decompose it into 

(3.3) x^Vui = Vhpi + Wpi, 

where hpi e Hl jj{Vt) and Vhpi is the projection of x^Vui onto H^_^(Q) and Wpi ± 
HI j^{9). Thus, we have, for any function h e C^(Q) n L^(Q), 

(3.4) {wpi,Vh)^0. 
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Hence, Wpj satisfies 



(3.5) 

We define function ^ppi by 



Wpilan = 0, 
II divwpill^ = 0. 



k 



(3.6) ippi ^hpi-^ 



where 



■pij — I ^ \ V 1*1, V u,j/ — bpji- 



It is easy to clieck tliat ippi satisfies 



dip 

Vpilan = "^1^^ ^ ^ {^pi-,Uj)D = C^^pi, Vmj) = 0, 

for any j = 1,2, ■ ■ • ,k, that is, </?pi is a trial function. Since Ylptai^^Y — 1' from 
(3.3), we have, for any i, 

n+l n+1 

(3.7) l = 5]l|V/ipi||' + ^||wpi||2. 

p=i p=i 

Lemma 3.1. For any i, we have 

n+l 

(3.8) ^||w™.r< 



2 ^ A, - (n - 1) 



Proof. From ^^=^(2;^)^ = 1, we have 

n+l 

l = 5^||(Vx^V«.)ir 
p=i 

n+l „ 

x''diy{{Vx'',Vui)Vui} 

p=i 



p= 

n+l „ n+l 



p=i p=i 

n+l „ 

= {^hpi,V{VxP,Vui)). 
p=i 

For any positive constant e^, we have 

n+l ^ n+l 

(3.9) 1 < E ii^^f^ii' + 2- E ^"^) II' 

p=l p=l 
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According to the following Bocliner formula for a smooth function /: 
1 

2' 



^- A| V/r = I VVI' + (V/, V(A/)) + Ric(V/, V/) 



= |VV|^ + (V/,V(A/)) + (n-l)|V/r, 

where Ric and V^/ denote the Ricci tensor of and the Hessian of /, respec- 

tively, we can derive, from (3.1) and by making use of a direct computation, 

(3.10) A(Va;^, Vui) = -2x^1^^ + (Vx^, V(Aiii)) + (n - 2)(Va;P, Vui). 
Hence, we have 

n+l 

p=i 

n+l „ 

p=i 

n+l „ I' 

= - ^ / (Vx^ Vui) j -2a;^'Aui + (Vx^ V(AMi)) + (n - 2) (Vx^ Vu^) 
p=i 

= - J^jy (Vx^', Vui){VxP, V(Aui)) + (n - 2)(VxP, VKi)^! 

= - j {Vui,V{^.Ui))-{n-2)\\Vui\\2 

= Ai-(n-2), 
that is, 

n+l 

(3.11) ^ ||V(Vx^ Vii,)|p = A, - (n - 2). 

p=i 

Here we have used 

n+l » » 

/(Va;^VM,)(Va:^V(A^^,))= / (Vm,, V(Am,)). 

p=i 

Therefore, from (3.9), we obtain 

n+l 



1 / \ 

1 < 6i 5^ WVh^f + — (^A, - (n - 2)J 



Prom (3.7), we have 

n+l 



1 / \ 

1 + 5^ ll^f^ll' - + 4^ (^^^ - - 2) j . 



Taking 

K-{n- 2) 



e,; = 



2 

we complete the proof of the lemma 3.1. □ 
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Proof of Theorem 1.2. By making use of the trial function tppi and the same argu- 
mants as in Wang and Xia [TB], we have, for any p and i, 

k 

(3.12) (Afc+i - AOII V(/^p.||2 < Pp. + il (Vx^ Vu,)f + A.||wp,||2 + ^(A, - K,)h%^, 

i=i 

where 

Ppi = j {V{xP)\uiV{Aui)+KuiVui). 

Defining 

n — 2 

Zpi = V(VxP, Vui) —x^Vui, 

has been proved in Wang and Xia [16j. Since 

= -2 y {Vhpi + Wpi, Zpi) 

= -2 / {Vippi + ^ bpijVuj + Wpi, Zpi) 

2 / ippi^ Zpi ^ ^ Cpij^ Uj^ 2 ^ ^ bpijCpij -\- 
■j A. 1 ^ 1 



n-2)||wpif , 



i=i i=i 



we have 



7pi + 2 ^ VjCpij = ~2 / (Vv?pi, - ^ CpijVuj) + {n- 2)\\w. 
i=i i=i 

Hence, for any positive constant 6i, we have, according to (3.12) 

k 



|2 



|2 

pn\ 



(Afc+i - Ai)^ f 7p« + 2 ^ bpijCpij j-{n- 2){Ak+i - Ai)^|| w, 
V j=i J 

< 6^{Ak+i - Aif\\V^p^\\^ + j{Ak+i - A^) (\\Zpif-J24ij) 
(3.13) ' 

< (5,(A,+i - Ai)^(Ppi + ||(Vx^ V^/i)||2 + AiWwpif + ^(A, - A^)b%^ 



+ ^(A.+i-A,) (^||Zp,:f-E4^-j- 



UNIVERSAL BOUNDS FOR EIGENVALUES 

By taking sum on p from 1 to n, we derive 

n+l / \ n+1 

(Afe+1 - Aif Y.i^pi + '^Yl ^pij(^pij]-i^ - 2)(Afc+i - Aif Yl 
p=i ^ j=i ' p=i 

n+l , 

p=i 

+ Ai||wp,||2 + J](Ai-A,)65,^. ^ 

.7 = 1 ^ 



(3.14) 



n+l / \ 

+ ^(A.+i-A.)E(^||^..||^-E4,j 



Since 



we have 

n+l 



p=l 



From the definition of Z^j, we have 



n+l 

E 11^-11' 
p=i 

n+l 



p=i 

= E|||V(Vx^ V^i.)f - (n - 2) I (V(Vx^ Vti.),xPVti.) + ~ Hx^V^.lp 
»=i 



= A, + ^^^^^^ (from (3.11)). 
Since P^i — J (V(x^)^, MiV(At(i) + KiUiVui), we have 

n+l 

E^pi = o. 
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From the lemma 3.1 and (3.14), we obtain 



n + 2^J2 Wij^pij ) - - 2) (Afe+i - Ai) 

p=i j=i / 



K-{n- 2) 

n+l k 



that is, 

< ..(A.,. - A.)^{a. - ^J^}+^(A.„ - A<) (a< + 

- 2(Afe+i - A,)2 J] J2 ^pi3(^pi3 + '^i(Afe+i - E E(^^ - 

p=l j=l p=l j=l 

n+l k 

-i(A.«-A.)j:5:"= 

' p=l 3=1 



Since, for a non-increasing monotone sequence {5i\\^-^, 

n k n k 

E E ^^(^^+1 - - ^3)%j + E E ^^(^^^+1 - ^^)'(^^ - 

p=l i,j=l p=l i,j=l 

9 E E (^^+1 - - ^^^(A. - - Sj)b%j < 



2 



and 

k n+l A; fc n k 



2 j](Afe+i - A.)' Yl E v.■^p^.• - E ^^(^^+1 - E E(^i - 

i=l p=l j=l i=l p=l j=l 

k ^ n+l k 

E^(^fc+i-^oEE4 

i=l p=l j=l 

n k y ^ X z 

= - 5" ( ^ 5i{Kk+i - K){K - ^j)bpij - -7=V(Afc+i-A,)cp,j ) < 



i=l p=l j=l 

n k / ^ X 2 
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by taking sum on i from 1 to A; for (3.15), we obtain 



(3.16) <Y,H^k+i-AifUi- 




It completes the proof of the theorem 1.2. 



□ 
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